
Measure Theory with Ergodic Horizons
Lecture 15

Locally finite Bod measures or IR.

To prove the measure isomorphism theorem
,

it is enough to analyze all Boel probability
measures on1R

,
but we will dohis more generally for all locally finite Bonel measures.

Recall
. Because IR is locally compact and second cl

,
local finiteness of measures is equivalent

Sounded
to being finite on compact sets thence intervals have finite measure) and to beingo

finite

by open sets
.

Thus
,
because R is a Polish metric space ,

these measures are stronglyegular
and light.

Now let mo be a locally finite Borel measure on IR
.

Define Fr :

IR-Ibfx()m((0 ,
x3)if + =1

- M(x, 0]) if x 0 ~on& IR

By definition
,
for each use reals

,
we have /(a , b]) = f(b)-fa).

N

A function F : /R->IR with this property , i . e. u((a , 63) = f(6)-flat , is called the

distribution of M .

Prop . The distributions of me are unique up
to a constant

,
i
.
e .
any

two distribu-



tions and g of
Me satisfy foyec for some CIR. Each distribution

F : /B-IR of M is

lis increasing (non-decreasing
(ii) right-continuous , i.

.
e
.
him f(x) = fix) for eachE.xyx

(ii) continuous if h is atomless.

Proof. For uniqueren up
to a constant

,
note let for all x = 0,

f(x) = M((0, x3) + f(0) = y(x) -g(0) + f(0) = g(x) + c
whee c= f(0)-g(d) , for any two distributions f,g of

M .
Same for x0 .

lis follows from the monotonicity of M andii) follows from the decreasing
monotonicity of finite measures : let xnbXo

,
then fixu)-f(x) = M((x0, xn]) < d

andlimM((xo ,
Xu) = M(xox3 = O by the decreasing monotone convergencea

(iii) is left as HW.

The converse is also true
,
which completes the characterization of all locally finite

Bonel measures on IR.

Theorem
. Every increasing right-continuous function f : IR-RR is a distribution of annique

locally finite Bonel measure h on 1
, given by , for all a 26 ,

M((a , b]) : = f (b) - F(a).



Proof. The definition Me (19 , 63) := #(6)-fla) extends te a definition of a finitely
additive measure on the algebra A of finite unious of intervals of the

form 10
,
63

,
where net-O

,
8) and be 1-8

,
83

.

This is showe in the usual

way by realizing It each set Ad is a disjoint finite union of such

half-open intervals A=HI , and that the definition

M(A) : = [M(ti)
ish

doesn't depend on the representation A ,
i
. e
.
If we also have Ah,

then M(lil= M15]) . (We take a common reflement of <Fil and 15..

Having a finitely additive measure on A
,
we then dow let it is atbly additive,

and apply the Caratheodory extension theorem to get a measure Mon Aia,

which is equal to the Boel 5-algebra of I become each open interval (a, 8) =

W ,
-] .

To show ot additivity
,
as before

,
we recall but finitely additive

measures are automatically othly superadditive, so it remains to prove letM
is atbly subadditive.

For this
,
let 19

,
8] be a half-interval partitioned into half-intervals:

(a
,
63
=Llan,.

We will prove ht M((a ,63) [ ZMlan ,
bu3) assuming It (a

,
63 is bounded,



leaving the reduction of the unbounded case to the bounded one as an exercise.

We repeat the trick of making (a, 63 compact and the Can
,
bus open an follows :

using right-continuity off, there are a case and best such let flatflas)

undFuNewSbWan,
l,a

u

(a
,
b) IVla ,

bl
,as

in particular ,
(a
,6][Vaplan , bi],

so by finite sabadditivity ofM ,
we have

A((a ,63) wa M(la, 63) <Man ,bis)MaM(a ,
bu).

This finishes the proof becase a is arbitrary
.

We add one more property to the properties of distributions of a given M.

Prop . For
any

atomless Bol probability measure Mon 10, 1 , its distribution

fr : 10,1> (0
, 1)

-fr
x + m((0, x3) ↑

is a measure isomorphism from 190
,
13
, M) to (20

,
1
,
X).

In particular
,
(FolaM = X.



Proof. For Ifuled = X
,
it is enough to show let these two measures agree

on intervals10
, %3 bease the measure of 19 , 6] is the difference of

the measures of 10
,
63 and 10

,
07.
.
But (fleu (10, y3) = M/fu" (0, y3).

ButI is surjective bene it is continuous and takes values O and 1 /by
intermediate value theorem)

,
so Exe 10

, 13 such that flx =y and using the increas

lingness of fu , there is the largest such xCO
,
B. For this X

,
we have

fr (0, y] = 10
,
x]
, 10 (fileM (10

, y]) = M (10, x3) = fu(x) = y = x ((0, y7).
let I be the union of all maximal intervals (a , 6310, 1 such Nat flat = #(6)

,
i
.
e.

M((a , 63) = 0. There intervals are disjoint and heare only atbly many

(because every interval contains a rational that others don't contain)
. Thus

,
E is

a otl union of -wall set and hence M(z) = 0. It remains to verify
that flo

,Biz is a bijection from 20
,
MIZ to 10

,
13.

Corollary
.

For
any

atomless Borel probability measure e on 10
, 1 there is a Bone

isomorphism f : 20
,
B+ 10

,
1 such that For = +.

Proof
.

Let fe and I be as in the previous proof and let C = 10
, i be the

standard -Canter set
,
in particular, X(C) = 0

.

Let Y := fu (c) , so uli) = 0
bease M(4) = fulem(2) = X (2) = 0

.
This Y is closed bene fo is continuous ,

and E is Bonel
,
so YVE is Bonel and unotbl . By a bit of Descriptive

det Theory , one can dow that (YVE
,
B(YUE) is a standard Bowl space,



Gene he Boel isomorphism thoem gives a Borel isomorphim g . YVz->2 .

We finally define to 20
, 1 -(0, 1) by Flo

,
DYVE)"I and flirz:=y.


